IRREGULARITY OF AN ANALOGUE OF THE 
GAUSS-MANIN SYSTEMS 

CELINE ROUCAIROL 

Abstract. In the ©-modules theory, Gauss-Manin systems are de- 
fined by the direct image of the structure sheaf O by a morphism. 
A major theorem says that these systems have only regular singulari- 
ties. This paper examines the irregularity of an analogue of the Gauss- 
Manin systems. It consists in the direct image complex of a ©-module 
twisted by the exponential of a polynomial g by another polynomial 
/, f+(Oe 9 ), where / and g are two polynomials in two variables. The 
analogue of the Gauss-Manin systems can have irregular singularities 
(at finite distance and at infinity). We express an invariant associated 
with the irregularity of these systems at c £ P 1 by the geometry of the 
map (f,g). 
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1. Introduction 

1.1. We denote by Oc n the sheaf of regular functions on C n and by Pc™ 
the sheaf of algebraic differential operators on C". 

If / : C n — > C is a polynomial, we define the Gauss-Manin connection as 
the extension of the flat bundle U H k+n - 1 (f- 1 (t) an , C), where ScCis 

a finite subset such that / : / _1 (C \ S) — > C \ S is a locally trivial fibration. 
A major theorem says that these connections are regular. In the D-module 
theory, we study this connection with the help of a complex of £>c-modules, 
it being the direct image complex /+(0c™)- Their cohomology modules are 
called Gauss-Manin systems. They are holonomic and regular. 

Now, let g : C n — > C be another polynomial. We denote by Oc^e 9 the 
2\>-module obtained from Oc n by twisting by e 9 . We are interested in an 
analogue of the Gauss-Manin systems, it being the direct image complex 
/+(Cc«e fl ). 
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In H3, F. Maaref calculates the generic fibre of the sheaf of horizontal 
analytic sections of the systems H k (f+(Oc™e 9 )). It consists in a relative 
version of a result of C. Sabbah in Indeed, the generic fiber of the sheaf 
of horizontal analytic sections of TC k (f+(Oc™e 9 )) is canonically isomorphic 
to the cohomology group with closed support H^ n ~ 1 (f~ 1 (t) an , C), where 
&t is a family of closed subsets of f (t), on which e~ 9 is rapidly decreasing. 
More precisely, this family is defined as follow. Let it : P 1 — > P 1 be the 
oriented real blow-up of P 1 at infinity. P 1 is diffeomorphic to C U S , where 
S 1 is the circle of directions at infinity. A is in <J? t if ^4 is a closed subset of 
and the closure of g(A) in C U S 1 intersects S 1 in ] — ^, ~[. 

This isomorphism can be better understood using relative cohomology 
group. F. Maaref shows that for all t ^ X and for all p, such that Re(—p) 
is sufficiently large, the fibre at t of the sheaf of horizontal analytic sec- 
tions of TC k (f+(Ocne 9 )) is isomorphic to the relative cohomology group 

H k + n~l {f -l {t) an^ f -l {t)rig -l {p)) an X) _ 

Finally, he proves the quasi-unipotence of the corresponding local mono- 
dromy. 

1.2. The Gauss-Manin systems have only regular singularities. In our case, 
the complex f + (Ocne 9 ) can have irregular singularities. The aim of this 
paper is to characterize this irregularity in terms of the geometry of the 
map (/,<?), when / and g are two polynomials in two variables. 

In / and g are algebraically independant, we will prove that the complex 
/ + (0C2e 9 ) is essentially concentrated in degree zero. Then, we can associate 
to this complex a system of differential equations in one variable. We 
want to calculate the irregularity number of this system at a point at finite 
distance and at infinity. 

Let X be a smooth projective compactification of C 2 such that there 
exists F, G : X — > P , two meromorphic maps, which extend / and g. Let 
us denote by D the divisor X \ C 2 . In the following, we identify P 1 with 
CU{oo}. 

Let T be the critical locus of (F, G). We denote by Ai the cycle in P 1 x P 1 
which is the closure in P 1 x P 1 of (F, G)(T) n (C 2 \ {c} x C) where the image 
is counted with multiplicity and by A2 the cycle in P 1 x P 1 which is the 
closure in P 1 x P 1 of (F, G)(D) n (C 2 \ {c} x C) where the image is counted 
with multiplicity. 

For all c G P 1 , the germs at (c, 00) of the support of Ai and A2 are some 
germs of curves or are empty. Then, we denote by Ir Ct00 )(Ai, P 1 x {00}) the 
intersection number of the cycles Aj and P 1 x {00}. If the germ at (c, 00) 
of Aj is empty, this number is equal to 0. 

Theorem 1. Let f,g£ C[x,y] be algebraically independant. Let c G P 1 . 
Then, the irregularity number at c of the system TL® (f^O^e 9 )) is equal to 
/(^(Ai.P 1 x {00}) +/ (Cj0o) (A 2 ,P 1 x {00}). 

When c € C, we can prove that the germ at (c, 00) of A2 is empty. 
Moreover, the germ at (c, 00) of Ai coincide with the one of the closure in 
P 1 x P 1 of (f,g)(t) \ {c} x C, where f is the critical locus of (f,g). 
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1.3. In general, we do not know how to calculate directly the irregularity 
number of a system associated with f + (0 C 2e 9 ). The notion of irregular- 
ity complex along an hypersurface defined by Z. Mebkhout (see |BJ and 
[10J) is the appropriate tool to express the irregularity of f + (0 C 2e 9 ) (see 
paragraph |2J . Indeed, this irregularity complex along an hypersurface is a 
generalization of the irregularity number at a point of a system of differen- 
tial equations in one variable. Moreover, Z. Mebkhout proves a theorem of 
commutation between the direct image functor and the irregularity functor 
(see theorem I2.4|) . Then, the irregularity number at c £ P 1 of the system 
of differential equations associated with f + (0£2e 9 ) can be expressed with 
the help of an irregularity complex of a P-module in two variables along a 
curve. 

In the general case where / and g are not necessarily algebraically inde- 
pendant, the complex / + (C C 2e 9 ) is not necessarily concentrated in degree 
0. Then, we want to calculate the alternative sum of the irregularity num- 
ber at c E P 1 of the systems W fc (/ + (0 C 2e 9 )). This irregularity number IR C 
is equal to the Euler characteristic of a complex of vector spaces over C, it 
being the irregularity complex of f + (Oc2e 9 ) at c € P 1 . When / and g are 
algebraically independant, this number coincide with the irregularity num- 
ber of the system H (f-\-(O^2e 9 )). Then, we can prove that the irregularity 
number IR C is equal to -xQRrCF -1 (c) n G -1 (oo), IR F -i (c) (O x [*D]e G ))), 
where I Rp-i^(Ox[*D]e G ) is the irregularity complex of Ox[*D]e G along 
F-Hc). 

Then, according to a result of C. Sabbah in we know that, for 

x <E F _1 (c)nG _1 (oo), the Euler characteristic of (IR F -i^(Oj\*D}e G )) x is 
equal to the Euler characteristic of the fiber / _1 (Z)*(c, 77)) fig -1 (p)r\B(x, e), 
where e and 77 are small enough and \p\ is big enough. This result is stated 
in theorem 13.41 paragraph l3l in terms of complex of nearby cycles. 

Then, we have to globalize the situation (see paragraph 0J . First of all, 
we prove that for 77 small enough and R big enough, g : f~ 1 (D*(c,rj)) H 
> R}) ~~ * {\p\ > R} i s a locally trivial fibration. Then, the 
irregularity number IR C is equal to the opposite of the Euler characteristic 
of its fiber f~ 1 (D*(c,rj))r\g~ 1 (p). This result hold in the general case where 
/ and g are not necessarily algebraically independant. 

Then, we have to study the topology of this fiber. We have to distin- 
guished the case where / and g are algebraically independant (see paragraph 
El and the one where they are algebraically dependant (see paragraph EJ) . 



2. Irregularity complex along an hypersurface 

We will use the definition of regularity given by Z. Mebkhout (see and 
[10J). First of all, we recall the definition of irregularity complex of analytic 
P-modules. Then, we define the notion of irregularity complex for algebraic 
P-modules. Here, we have to take into account the behaviour of these 
modules at infinity. Moreover, we state major theorems on irregularity: 
the positivity theorem, the stability of the category of complex of regular 
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holonomic D-modules (analytic) by direct image by a proper map and the 
comparison theorem of Grothendieck. 

2.1. The analytic case. Let X be a smooth analytic variety over C. In 
this section, T>x denotes the sheaf of analytic differential operators on X . 

Let Z be an analytic closed subset of X. Denote by i the canonical 
inclusion of X \ Z in X. Let M* be a bounded complex of analytic T>x- 
modules with holonomic cohomology. 

Definition 2.1. We define the irregularity complex of M* along Z as the 
complex : 

IRz(M') := RT Z (DR(M'[*Z]))[+1] 

:= cone(DR(M[*Z]) RzJ- l (DR(M*[*Z]))) . 

According to the constructibility theorem (c.f. [I] and p]), this complex 
is a bounded complex of constructible sheaves on X with support in Z. 
Then, we can define the covariant exact functor IRz between the category 
of bounded complexes of £>x-modules with holonomic cohomology and the 
category of bounded complexes of constructible sheaves on X with support 
in Z. 

Definition 2.2. M* is said to be regular if its irregularity complex along 
all hypersurfaces of X is zero. 

In one variable, the previous definition of regularity generalises the notion 
of regular singular point of a differential equation which is characterized 
by the annulation of the irregularity number (Fuchs theorem). Indeed, 
irregularity complex along an hypersurface generalizes irregularity number 
in the case of one variable. According to Z. Mebkhout (see fl], jT0|), the 
characteristic cycle of the irregularity complex of a holonomic D-module 
along an hypersurface is positive. 

Theorem 2.3 (positivity theorem). If Z is an hypersurface of X and M. 
is a holonomic T>x-module, the complex IRz{M) is perverse on Z . 

The category of complexes of P-modules with regular holonomic coho- 
mology is stable by proper direct image. Let us state the theorem which 
proves this stability (see [E] and Prop. 3.6-4 of [H|). It will be a major tool 
in this paper. 

Let 7r : X — > Y be a proper morphism of smooth analytic varieties over 
C. Let T be a hypersurface of Y . 

Theorem 2.4. Let M° be a bounded complex of analytic V>x~modules with 
holonomic cohomology. We have an isomorphism: 

IR T (ir + (M'))[dimY] ~ RTr*(IR w -i {T) (M*))[dim X]. 

2.2. The algebraic case. Let Ibea smooth affine variety over C. In this 
section, T>x denotes the sheaf of algebraic differential operators on X. 

Denote by j : X — > P n an immersion of X in a projective space. Let Z be 
a locally closed subvariety of F n and M* a bounded complex of algebraic 
I?x- m odules with holonomic cohomology. 
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Definition 2.5. We define the irregularity complex of M* along Z as the 
complex : 

IR z (j+(M')) := IR za n( J+ (MT), 
where Z an denotes the analytic variety associated with Z and jj r {M') an 
denotes the complex of analytic T> -modules associated with j+A4. 

Definition 2.6. M m is said to be regular if its irregularity complex along 
all subvariety o/P ra is zero. 

This condition of regularity does not depend on the choice of the immer- 
sion j (see proposition 9.0-4 in pLOJ ) . 

The definition 12,61 of regular holonomic complex was motivated by the 
comparison theorem of Grothendieck (see j2]) and the comparison theo- 
rem of Deligne (see [1]). As is shown in the comparison theorem of 
Grothendieck is a consequence of the following theorem: 

Theorem 2.7. The structure sheaf Ox is regular in the sense of definition 

Concerning to the stability of regularity under direct image, Theorem l2.4l 
allows to prove the following theorem (see Theorem 9.0-7 of [10J): 

Theorem 2.8. The category of complexes of V-modules with regular holo- 
nomic cohomology is stable under direct image. 

enonce 2.9 (remark). Notation We denote by IR k z {j + {M')) the k-th space 
of cohomology of the complex IRz{j+{M.')). 

Remark 2.10. We are interested in the irregularity of the direct image 
complex f+(0£2e 9 ) . This is a complex of "D^-modules in one variable, with 
holonomic cohomology. According to the definition \ 2,3 of irregularity com- 
plex, we have to consider an immersion j : C — > P 1 . Let c € P 1 . We want 
to examine the complex IR c (j+f+(Ocne 9 )). As this complex has its support 
in c, we want to compute its Euler characteristic x(IRc(j+f+(Oc n e 9 )) c ). 
In the following, we will denote this number by IR C . 

3. Regular holonomic D-modules twisted by an exponential 

3.1. Definitions. Let X be an algebraic variety over C. We denote by Ox 
the sheaf of regular functions on X. 

We identify P 1 to C U {oo}. Let g : X — > P 1 be a meromorphic function 
on X. 

Definition 3.1. We define the T>x-module O x[*g~ l {oo)]e 9 as a T>x-module 
which is isomorphic to Ox[*9~ l {w)] as Ox -module; the action of vector 
field on an open subset of X, on a section he 9 of Ox [*g~ X (oo)]e 9 is defined 
by £(he 9 ) = £(h)e 9 + h£(g)e 9 . 

Let M. be a holonomic Dx-module. 

Definition 3.2. We define the T>x-module M.[*g~ l {oo)]e 9 as the T>x- 
module M ®o x C>x[*g~ l {oo)}e 9 . 
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Remark 3.3. Ox[*g _1 (oo)]e 9 is the direct image by an open immersion 
of a vector bundle with integrable connection. Then, it is a holonomic T>x~ 
module as algebraic direct image of a holonomic V-module. 

M[*g^ 1 (oo)]e 9 is a holonomic left T>x-module as tensor product of two 
holonomic left T>x -modules. 

We have analogous definitions in the analytic case. We just have to 
transpose in the analytic setting. 

3.2. On irregularity of regular holonomic P-modules twisted by an 

exponential. Let X be a complex analytic manifold and let /, g : X — * C 

be two analytic functions. Assume that M. is a regular holonomic T>x- 

, i 

module (analytic). Generally, Al[-]e» is an irregular £>x-module. We want 
to relate the irregularity complex of this module along / -1 (0) with some 
topological data. 

1 i 

Lemma 3.4. The complex IRf = o(M[-]es ) and the complex of nearby cy- 
cles V g (DR(M[fi)) h ave the same characteristic function on f 1 (0) H 
.</ 'i"). 

Proof of Lemma \3.4\ According to corollary 5.2 of this lemma is true 
in the case where / and g are the same function. 

Assume that / and g are not equal. Then, using the case where the 
two functions are equal, we remark that it is sufficient to prove that the 

1 - | I 

complex IRf=o(M[-]es) and the complex IRg=o(M.[jg-]e 9 ) have the same 

characteristic function on / _1 (0) n <? -1 (0). 

• Let us first prove that IRf=o(M[~]eli) = RT f=0 (IR g=0 (M[-k]ea)). 

Let X* denote X \ g~ x (0) and 77 be the inclusion of X* in X. By 
definition, we have : 

IR g = (M[jj]es) = corui(DR(M[jj]e9) ^ RrkTi^DRiMlj^e*)) 
= ctme(DR(M[jj]e$) -» Rr]*{DR(M[j}) lx *)). 
Now, consider the following diagram : 

x* c ^X 

I 

1 3 

I 

x *\/-i(0)<^*\/-i(0). 

Then, since M. is regular, according to the definition 12.61 of regu- 
larity, we have : 

Rrh{DR(M[)])\ X *)) = Rv*RMDR(M) lx *\ f -i m ) 

= RjM,(DR(M)\ x * v - H0) ). 

As RTf^Rj^ = 0, we obtain : 

RT f=0 (IR g=0 (M[j- g ]eh) = RT f=0 (DR(M[^))[+l] 

= IR f=Q (M[\]e5). 
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Then, we are led to show that the complex RF f=o(IR g= o(M[j^]es )) 

1 i 

and the complex IR g= o(A4[j^]es ) have the same characteristic 

function on / _1 (0) fl <7 _1 (0). Using the following distinguished tri- 
angle, 



[+i] 



RT f=0 {IR g=0 (M[±]el>))- 



IR 9=0 (M[±] 



it is sufficient to show that the characteristic function of the complex 
Rj'j'-HlRg=o(M[jj]el>)) is zero on /-*(<)) D ^(O). Now, if T 
is a constructible sheaf on X and x € / (0), x{{Rj*3 "^Jx) = 



X ((D(j[j '- l DF)) x ) 
(see H2)). 



(D is the Verdier duality 

□ 



4. Topological interpretation of the irregularity of 

4.1. Notations. Let /, 5 : C 2 — > C be two polynomials. 

Let X be a smooth projective compactification of C 2 such that there 
exists F, G : X — ► P 1 two meromorphic maps which extend / and g. 

In view to construct X, F and G, we consider an immersion of C 2 in P 2 
and we define a rational map (f,g) on P 2 which extends the map (f,g). 
Then, after a finite number of blowing ups, we lift the indeterminacies of 
the rational map (f,g). 

In the following, we fixe such a compactification and use the following 
notations: 





4.2. Two fibration theorems. 

Lemma 4.1. Let c € C. There exists R > big enough such that 

g : g-\{\p\ > R}) \ (f-\c) n ^({IpI > R})) - {\p\ > R} 
is a locally trivial fibration. 

Proof. Let S be an algebraic Whitney stratification of X such that D and 
F _1 (c) are union of strata. According to the Sard's theorem, there exists U, 
a dense Zariski open subset of P 1 , such that G : G~ l {U) — * U is transverse 
to the Whitney stratification S of induced by S. 

According to the first isotopy lemma of Thorn-Mather, G : G~ l {U) — ► U 
is a locally trivial fibration with respect to S . Then, we choose R > big 
enough such that {\p\ > R} C U . □ 
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Using the inclusion j : C -» P 1 , we identify P 1 to C U {oo}. If c € C, 
we denote by D(c,rj) the open disc in C centered at c of radius r\. Let 
D(oo,7?) = {z G C | |z| > i} U {oo}. If c G P 1 , we denote by D*(c,7]) C C 
the set D(c, 77) \ {c}. 

Lemma 4.2. Lei c G P 1 . There exists r\ small enough and R big enough 
such that: 

g : r\D\c,-n))ng-\{\p\ > R}) -> {|p| > F} 

is a locally trivial fibration. 

Proof. According to the first isotopy lemma of Thorn-Mather, we want to 
find a Whitney stratification S' of F~ l {D{c, rj)) such that DDF~ 1 (D(c, rj)), 
F _1 (c) and F~ 1 (S(c,r])) are union of strata and such that the morphism 
G : F- l {D{c, rj)) n > R}) -> {|p| > R} is transverse to S' . 

Let S be an algebraic Whitney stratification of X such that F _1 (c) and 
D are union of strata. For rj > 0, we denote by T the real analytic 
stratification {F _1 (S'(c, 77)), F -1 (D(c, ??))}■ For 77 > small enough, 5 and 
T are transverse. Let 5 be the real analytic stratification S n T. 

Now, let us prove that for 77 small enough and R big enough, the map 
G : F- l {D{c, 77)) n > ^1) -» {IH > ^1 is transverse to 5'. 

• If 5 = 5 fl F _1 (5(c, 77)), for a 5 G 5, we have to prove that for 
77 small enough and R big enough, G f |5nJ ; ' _1 (5(c,f7)) IS a submersion. 
It is sufficient to prove that for 77 small enough and R big enough, 
F _1 (c ) is transverse to G7 S (p), where \p\ > R and c G S(c,rj). 

Let Ts be the critical locus of (F, G)\g and A5 = (F, G)(Ts) 
be the discriminant variety of F\g and G15. We denote by the 
closure in P 1 x P 1 of As nC 2 . In our case, the dimension of A s is 
always less than 1. Then we argue by the absurd. 

• If S = S D F^ 1 (D(c, 77)), for a S G 5, as for R big enough, the 
map G : SnG~ 1 ({\p\ > R}) —>■ {\p\ > R} is a submersion, the map 
G : S fl G _1 ({[ / o[ > R}) — > {\p\ > R} is also a submersion. 

□ 

4.3. Topological interpretation of the irregularity of f + (0 C 2e 9 ). In 
this section, we describe the relation between the irregularity of the complex 
f + (O c2 e 9 ) and the fibre f- l {D*{c,rj)) n g~ l {p) given by the lemmal4~tfl 

Theorem 4.3. Let c G P . For 77 small enough and \p\ big enough, 

/i? c = - X (r 1 ( J D*(c,77))n(7- 1 ( / 9)). 

This theorem can be proved in two steps. 

Lemma 4.4. 

IR C = -x(mF-Hc) n G-\^)^ h (DR(O^D U F^c)])))). 

Lemma 4.5. For 77 small enough, \p\ big enough, x(f~ 1 (D*(c,7]))r\g~ 1 (p)) 
is equal to xlMT^-^c) n G" 1 ^), ^i(M(O x [*D U ^^(c)]))))- 
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RF*(IR F - Hc) (O x [*D]e G ))[+l] 



Proof of lemma \4.4\ This proof consists in applying the lemma HOI on ir- 
regularity of regular holonomic P-modules twisted by an exponential and 
in globalizing the situation. 

• First, we want to prove that 

IRc = -x{MT(F-\c) nG-\o ),IR F - Hc) (Ox[*D]e G ) an )). 
According to the definition 12.51 and the theorem 12.41 we have: 
IR c (j + f + (O c2 e9)) = IR c (F + (O x [*D]e G )) 

L(c)( 

Then, IR C = -x^T^^c), IR F - Hc) (O x [*D]e G ) an )), So we 
have to prove that the support of I R F -i ^(O x [*D]e G ) an is included 
in F^i^HG-^oo). 

Let x $l G (oo). Then, G is holomorphic in a neighbourhood 
of x and (O x [*D]e G )^ n is isomorphic to (O x [*D])^ n . According to 
the theorem E3 Ox is regular. Then O x [*D] is also regular and 
(IR F - Hc) (O x [*D]e G ) an ) x = 0. 

• According to the theorem lri.41 the complexes I R F -i ^(O x [*D]e G ) an 
and i/ji(DR(O x [*D U i 7-1 ^)])) have the same characteristic func- 
tion on F _1 (c) n G _1 (oo). We conclude using the following lemma: 

Lemma. Let X be an algebraic variety over C. Let J 7 ' and J-* be two 

constructible complexes on X which have the same characteristic function 
on X. Then, x(M 1 (X,^)) = x(^T(X, J*)). 

Proof. We argue by induction on the dimension of X. 

(1) If the dimension of X is 0, the result is clear. 

(2) Assume that the lemma is true for all X of dimension < n. Let X 
be a complex algebraic manifold of dimension n and Z be a closed 
complex algebraic submanifold of X, proper to X (dim Z < n) such 
that J r x\x\z an d ^2\x\z are some local systems C\ and £2 on X\Z. 
For i = 1, 2, we have the following distinguished triangle: 

RTz(T-) J* Rj*r X ra — . 



where j is the inclusion of X \ Z in X. Then: 

wt(x,rt z (f')) — *wr(x,F*) — -Mr(x,M J ;j- 1 (J7)) — . 
. x(Kr(x, Rj^r 1 ^))) = x(Rr(x \ z, d)). 

As X is an algebraic variety, X\Z is a finite union of connected 
open subsets Uj, j = 1, . . . , k, of X. Then, 

k 
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As T* and J 7 ' have the same characteristic function, rk(C\) = 
rk(£ 2 ). Then, 

x(RT(x,Rj* r 1 (/••))) = x (wr(x,Rj*r\^))). 

• We have Rr(X,Wr z (J^)) = RT(Z,WT Z (F*)). As at the end 
of the proof of lemma using the Verdier duality (j!2j). 
we can prove that WT(Z, MTzi^F')) and RT(X,F?) have the 
same characteristic function on Z. Then, MT(Z, MTziJ 7 ')) and 
WT(Z,M.T z^J 7 ')) have the same characteristic function on Z. 
As dim Z < n, we apply the inductive hypothesis to obtain: 

x(Mr(y,RTz(^?))) = x(^r(Y,RT z (^))). 

Then, 

X(RT(Y,^)) = X (RT(Y,^)). 

□ 
□ 

Proof of lemma\l^ Denote by T* the complex ^ ^(DR{p^D\JF- x (c)\)). 

• Let r/2 small enough such that G : G^ 1 (D* (oo, 7/2)) — ► D* (00, 772) is 
a locally trivial fibration. We denote by D*(oo,r/2) the universal 
covering of D*(oo,r/2). Let (E,tt,G) be the fiber product over 

D* (00, 772) of G _1 (£>*(oo,i7 2 )) and D* (00,7/2). Then, we have the 
following diagram: 

GT^oo)^-*- X -<-^— ) G?- 1 (£)*(oo J 773)) ^ £ 

G 

D*(oo,r) 2 )< D*(oo,7] 2 ) 

By definition, JF« = j -1 .R(i 07r)„(707r)- 1 ( J Di?(0 x [*L'U J P- 1 (c)])). 

• Let a : X \ (F _1 (c) n D) — > X open inclusion. As Ox is regular in 
the sense of definition 12.51 (theorem 12 .7|) , 

DR(O x [*D U F- X (c)]) = i?a*a- x (Cx). 

• Let Z = ^(cjnG-^oo), 2^.,, = F- 1 ( J D(c J r ? i))nG- 1 (D(oo, 77 2 )) 
and Z„ liP = F- 1 ( J D(c,7 ?1 ))nG- 1 (/o). 

Mr(Z,J r ') = ind/im]Rr(Z„ 1 „ 2 , J R(?;o7r)*(i o Tr)" 1 ^* or 1 (C x )) 

Vi,V2>0 - 

= indlimMT ((i o ■k)~ 1 (Z„ 1 „ 2 ), (i o 7r) _1 (i?a*a~ 1 (Cx)) 

r?i,'72>0 

Let E be a Whitney stratification associated with the constructible 
sheaf ito,a -1 (Cx). Then, F _1 (c) and D are union of strata. Ac- 
cording to the proof of lemma 14.21 for 771 and 7/2 small enough, 
G : F^ l (D{c,7])) )C\G- 1 (D* {00, T] 2 )) -> D*(oo, 772) is a locally trivial 
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fibration with respect to E. Then, there exists a homotopy equiva- 
lence p : (i o 7r) _1 (Z r)ljr)2 ) — > Z m ^ p compatible with E. Thus, while 
adapting the proposition 1.3-4 of [2] to constructible sheaves, 

RT(Z,f) = indlimRT(Z VuP ,Ra if a- 1 (Cx)) 

= indlimMT(a~ 1 (Z ril n),a~ 1 (Cx)) 

Vi>0 

= indlimRTif-^D^c, T/i )) n g- x {p) } a'^Cx)) 

TJX>0 

Then, x(HT(Z,^-)) = X {r X {D*{c, m )) n g- x {p)). 



□ 



5. When / and g are algebraically independant 



Let f,g £ C[x,y] be two polynomials which are algebraically indepen- 
dant. In this section, we will prove that the complex f + (0 C 2e 9 ) is essentially 
concentrated in degree 0. Finally we obtain a formula for the irregularity 
number at c € P 1 in terms of some geometric data associated with / and g. 

5.1. The complex f + {0^2e 9 ) is essentially concentrated in degree 
zero. 

Proposition 5.1. The complex f + (0 C 2e 9 ) is concentrated in degree zero 
except at a finite number of points. 

Proof. • First of all, we recall the result of F. Maaref jH] about 

the generic fibre of the sheaf of horizontal analytic sections of 

Theorem 5.2. There exists a finite subset E of C such that for all 
c G C \ E and all p £ C ; such that Re(—p) is big enough, 

i + c H k -\f+{0 C 2e 9 )) ~ H k (r\c),(f,gr\c,p),C), 
where i c is the inclusion of {c} in C. 

• For all c, p G C, we have the long exact sequence of relative coho- 
mology: 

>B*U-\c),(f,gr\c, P ), 



H 2 (rHc), if, g)-Hc, p)),C) 0. 

We want to prove that H^f'^c), (/, g)- 1 (c, p)) = for all k ^ 1. 
As g) -1 (c, p), C) = 0, it is enough to prove that a is injective. 

Then, it is sufficient to prove that the fibre g~ 1 (p) intersects all the 
connected components of / _1 (c). 
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Let (F,G) : X -> P 1 x P 1 be a compactification of (f,g) : 
C 2 -> C 2 . As (F,G) : X -> P 1 x P 1 is proper, we know that its 
image is closed in P 1 X P . Moreover, as / and g are algebraically 
independant, (F,G) is necessarily surjective. 

According to the theorem of Stein factorization ([3] corollary 11.5 
p. 280), there exists F : X — ► Y, surjective morphism of projective 
varieties with connected fibres and a finite morphism \P : Y — > P 1 , 
such that F = ip o F . As (F, G) is surjective, (F , G) is also 
surjective. Then, for all (c, p) € P 1 x P 1 , G~ 1 (p) intersects all the 
connected components of F _1 (c). 

Furthermore, there exists E C C finite subset such that for all 
c G C \ E, the fibre _F _1 (c) is the union of / (c) with a finite 
number of points. Then, for a such c, there exists E c C C finite 
subset such that for all p G C\E C) g^ 1 (p) intersects all the connected 
components of / _1 (c). Then, for all (c, p) G C 2 except a finite 
number, the fibre g _1 {p) intersects all the connected components of 

r\c). 

• Then, according to the theorem 15 .2| for all c € C \ E, for all 

k 0, i+(H k {f+{0 C 2e 9 )) = 0. As H k {f + {0 C 2e 9 )) is an integrable 
connection except at a finite number of points, we have that, for all 
c G C except a finite number, H k (f+(Oc2e 9 )) c = 0, if k ^ 0. Thus, 
f + (0 C 2e 9 ) is essentially concentrated in degree 0. 

□ 

Corollary 5.3. For all c G P , the complex IR c (j + f + (0£2e 9 )) is concen- 
trated in degree 0. 

Proof. Let c G P 1 . Denote by M* the complex j + f + (0 C 2e 9 ). For k ^ 0, 
H k (A4') has punctual support. Let r\ be small enough such that for all k / 
0, n k (M')\ D{c ^ Y = 0. Then, (M'[*{c}]) lD(c>v) = (H (M')[*{c}}) lD(c>Tl) . 

Then, IR C {M*) = IR c {H°{M*)[*{c}]). Then, according to the positiv- 
ity theorem 12.31 this complex is just a vector space over C. So, for all k ^ 0, 
H k (IR c (j+f + (0 C 2e 9 ))) = 0. ' ^ □ 

enonce 5.4 (remark). Remark According to this corollary, the complex 
IR c {j + f + {Oc2e 9 )) is entirely determined by its Euler characteristic IR C . 

5.2. Geometrical interpretation of the irregularity. 

enonce 5.5 (remark). Notation 

• Let r be the critical locus of (F, G) . In the case where f and g are 
algebraically independant, this variety has dimension 1. 

• Let A be the discriminant variety of F and G. A is the image by 
(F,G) of the curve T (counted with multiplicity). A is an algebraic 
closed subset o/P 1 x P 1 . 

• Denote by Ai the cycle in P 1 x P 1 which is the closure in P 1 x P 1 
of A n (C 2 \ {c} x C) ; where A is counted with multiplicity. 

• Denote by A2 the cycle in P 1 x P 1 which is the closure in P 1 x P 1 
of (F,G)(D) fl (C 2 \ {c} x C), where the image is counted with 
multiplicity. 
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(the supports of Ai and A2 are two algebraic closed subsets in 
P 1 X P 1 . They are some union of curves and points.) 

• For all c E P , the germs at (c, 00) of the supports of Ai and A2 are 
some germs of curves or are empty. We denote by I( C)00 )(Aj, P 1 x 
{00}) i/ie intersection number of the cycles A, andP 1 x {00}. If the 
germ at (c, 00) o/Aj is empty, this number is equal to 0. 

Theorem 5.6. Let f,g€ C[x,y] be two polynomials algebraically indepen- 
dants. Let c € P 1 . 

IR C = /(^(Ai.P 1 x {oo})+/ (Ci0o) (A 2 ,P 1 x {ex)}). 

Proof. According to theorem 14,. S| 

IR C = -x{f-\D*{c,r,))ng- l {p)). 

We want to study the topology of the fibre f^ 1 (D*(c,7])) n g^ 1 (p). 
For |p| big enough, G~ l {p) is smooth and cut transversally D. Then, 

-x( J F- 1 P*(c,??))nG- 1 (p)nZ)). 

• We want to prove that x(F~ 1 (D*(c,ri))nG- l (p)) = ^(coc^A^P 1 x 
{00}). 

As Ai is a union of curves and points, for r\ small enough and \p\ 
big enough, Ai D (-D*(c, 77) x {p}) is a finite set {(c\, p), . . . , (c r , p)}. 
Moreover, P : F' 1 (D* (c, r/)) n G~ 1 (p) -> P*(c,r?) is a ramified 
covering. The ramified points are the points P € F~ 1 (D*(c,rj)) n 
G" 1 (p)nr and the ramification index at P is I P (P" 1 (P(P)), G -1 (p)) 
/ P (r,G- 1 (p)) + l- Then, 

PeF- 1 (D*(c,r ? ))nG- 1 (p)nr 

According to the projection formula for a proper map, 

r 

X (P- 1 ( J D*(c,r ? ))nG- 1 (p)) = ^/(^(A^xjp}) 

i=l 



/(^(Ai.P 1 x {00}) 

it to prove that x(P _1 (-C>*(c, 

{00}). 



• We want to prove that x(P _1 (-D*(c,r/))nG- 1 (p)nD) = J (Cj00 )(A 2 , P 1 x 



As G is smooth and cut transversally D, 
x(F- 1 (D*{c,ri))nG- 1 (p)nD) = Card(F^ 1 (D* (c, 77)) D G^ 1 (p) n P) 

QGF- 1 (D*(c,r ) ))nG- 1 (p)nD 

According to the projection formula for a proper map, 

x (p- 1 (£>*(c ! 7 ? ))nG- 1 (p)niP) = £ /^((pgo^p 1 x{ P }) 

(c',p)eA 2 n(D*( C ,r,)x{p}) 

= /(^(Aa.P 1 x {00}) 

□ 



14 



CELINE ROUCAIROL 



enonce 5.7. Remark Denote by T the critical locus of (f,g). Let A be the 
closure of (f,g)(T) \ ({c} x C) in P 1 x P 1 . 

If c £ C, the germ at (c, oo) of Ai is the germ at (c, oo) of A and the 
one at (c, oo) of A2 is empty. Then, if c G C, 

IR C = I( Cj00 )(A,P 1 x {00}). 

We deduce this remark from the following lemma: 

Lemma 5.8. Let c £ C. For 7/ > small enough and R > frig enough, 
F~ 1 (D*(c,rj)) n G~ 1 (p) does not intersect D, for \p\ > R. 

Proof. We recall that F, G : X — > P 1 are constructed in the following way. 
We consider an immersion of C 2 in P 2 . We construct a rational map 

(f,g) : P 2 > P 1 which extend (f,g). On P 2 \ C 2 , (/,£) takes the 

value (00,00) or is not well defined. Then, we lift the indeterminacies of 
(f,g) after a finite number of blowing ups. Then, according to 0, we know 
that F -1 (oo) and G^ 1 (00) are connected. As F 1 (oo) and G 1 (oo) have a 
non empty intersection, F _1 (oo) U G _1 (oo) is connected. 

Now let Z be an irreducible component of D. We want to prove that for 
77 small enough and R big enough, F~ l {D*{c,if}) n G^ 1 (p) n Z = 0. 

If it is not true, we can construct a sequence (x n ) n eN such that x n G Z, 
< [-F(x n ) — c| < ^ and |G(x„)| = p n , with lim„^ +00 p n = 00. Then there 
exists a point x G F _1 (c) n G _1 (oo) n Z . 

As Z ~ P 1 , F| 2 and Gi^ are necessarily surjective or constant. The 
existence of the sequence (x n ) ng N allows us to conclude that F\ z and 
are necessarily surjective. Then there exists another point y G ZnF _1 (oo), 
y ^x. 

This contradicts the facts that F^ 1 (oo) U G _1 (oo) is connected and F\ z 
is surjective. 

□ 

6. When / and g are algebraically dependant 

Let f,g& C[x,y] be two polynomials which are algebraically dependant. 
Then, the complex f + (0 C 2e 9 ) is not necessarily concentrated in degree 0. 
However, we give a formula for the irregularity number IR C at c £ P 1 . 

Let (F, G) : X -> P 1 x P 1 be a compactification of the map (/, g) : C 2 -» 
C 2 . As / and g are algebraically dependant, A = im (F,G) is a closed 
subvariety of P 1 x P 1 . 

• Let A be the cycle which is the closure in P 1 xP 1 of An(C 2 \{c} xC). 
In a neighbourhood of (c, 00), A is a curve or is empty. We denote 
by I(- C 0Q \(A, P x {00}) the intersection number of the cycles A and 
P 1 x {00}. If the germ at (c, 00) of A is empty, this number is equal 
to 0. 

• Let F be the generic fiber of (/, g) : C 2 — ► im (f,g). 

Theorem 6.1. Let f,g E C[x,y] be two polynomials algebraically depen- 
dants. Let c G P 1 . 

IRc = -x(F)* I(c,oo) (A, x {oo})- 
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Proof. According to the theorem fOl IR C = -x(/~ 1 (^ ) *( c ) v)) n fl ,_1 (p)) ) 
where r\ is small enough and \p\ is big enough. 

As A is a curve or is empty in a neighbouhood of (c, oo), A n (D*(c, rj) x 
{p}) is a finite union of points (ci, p), . . . , (c r , p). Then, f~ l {D*\c, rj)) D 
ff- 1 W = U=i(/,5)- 1 (c i ,p). 

We conclude that X {f~ l {D*{c, rj)) n ^(p)) = x(*0 * /(^(A.P 1 x 
{oo}). □ 
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